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By I&hinderS.Uberoi
SUMMARY
Itisshownthatthecorrelationffluctuatingstiticpressure(in
an incompressibleandhomogeneousturbulence)withanyfluctuatingquan-
tityintheflowfieldcanbe expressedintermsofthecorrelationf
thesamequantitywithtwoormorecomponentsofthevelocity.
Thecorrelationsofpressurewithitselfandofpressurewithtwo
veloci~componentsareinvestigatedindetailforthecaseof isotropic
turbulence.Thesecorrelationscanbe expressedintermsof correlations
involvingtwoveloci~componentsata pointandtwovelocitycomponents
atanotherpoint.A postulatedrelationbetweenthefourth-orderand
second-ordercorrelationsi investigated.Thisrelationissatisfied,
forexample,ifthejointprobabilitydensi~ ofthefourcomponentsof
velocityisGaussian.Theconsequencesof thisrektionarecompared
withthemeasurementsof thefourth-ordercorrelations.
Theroot-mean-squsrep ssureandpressuregradientsarecomputed
fromsecond-ordercorrelationfora rangeofturbulenceR ynoldsnum-
bers. Sincethepressuregradientisrelatedtodiffusionofmarked
particlesfroma source,thecomputedpressure-gradientleveliscom-
paredwiththatcalculatedfroma setofdfffusionmeasurements.
Thetriplecorrelationequationandplausiblehypothesesrelating
higherordercorrelationswithsecond-ordercorrelationareexaminedfor
thepossibilityof gettinga determinantsetof eqpationsforisotropic
turbulence.
13?TRODUCTI~
Althoughinisotropicturbulencethedynamical(correlation)equa-
tiondoesnotcontainanypressurecorrelations,thecorrelationfpres-
surewithitselfisof interestinturbulentdiffusionandinthestudy
of soundgenerationby turbulence(forverylowMachnumbersofturbulence
velocitieswhenthereislittleffectof soundontheturbulentfield,
thatis,onlya slightamountofenergyisdrainedawayfromtheturbulent
ener~ intheformof soundwaves).Thestaticpressurefluctuationsare
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alsointimatelyconnectedwiththeonsetof cavitationinturbulentflow
ofliquids. .
Thepressure-gradientfluctuation,inconnectionwithdiffusionin
isotropicturbulence,wasfirstconsideredby Taylor(ref.1). Hepostu-
2
r)
2
latedthat ~ —
‘( )
2 %isoftheorderU1 — independentofReynolds
p? &l ax~
1numberof turbulence. Heisenberg(ref.2) laterderived,fromdetailed
spectralconsiderations,an expressionfor (W%)2 asfollows:
@lp2)(+/~J2=“2P’+J2 jlmwhere R~ = U2 v kl &l 2 isthe(0.13)2RA
Reynoldsnuuiberofturlmlenceandthesymbolsaredefinedinthesymbol
list.
r,
Obukhov(ref.3)derivedan expressionforthecorrelationfpres-
surewithitse3fordistancesbetweentwopointswhosespacingiswithin
Kolmogoroff’s“inertialsubrange.” Batchelor(ref.k) andIdmber(ref.5) “
haveconsideredthepressure-pressureandpressure-and-two-velocity-
componentcorrelationsinisotiopicturbulence.Chantiasekhar( ef.6)
hasconsideredthesecorrelationsfortheisotropicturbulencein
magnetohytio-cs. AU thesecorrelationscanbe expressedinterms
of thecorrelationsinvolvingtwocomponentsofveloci~at onepoint
andtwocomponentsat anotherpoint.Theseinvestigatorshavefromthe
verybeginningassumeda simplerelationbetweenthefourth-orderand
thesecond-ordercorrelations.h orderto comparetheprimaryresult
withexperimentit isnecessarytohavetheresultsintermsofthe
fowth-ordercorrelation.2
Nexttothesimplestcaseof istropicturbulenceishomogeneous
axisynmetricturbulence,inwhichallstatisticalpropertiesaresynmetric
abouta particularsxis,insteadofbeingsphericallys mmetricas inthe
caseof isotropicturbulence.Thisintroducesonenewelement:The
energiesindifferentcomponentsofthevelocityarenotthesameand
thereisa transferofenergyfromonecomponentofvelocitytoanother.
1Inthepresentpaperanoverbarindicatesmeanvalueor statistical
averageandanunderbarindicatesa vectorquantity.
%Chemainresultswerederivedbeforethepublicationfrefer-
ences4 to6,butpublicationwasdelayeduntilthecompletionf the
experimentsreportedhere.
— ———
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“
Thistransferisessentiallydueto thecorrelationbetweenveloci~
andpressureorpressuregradient(ref.7). Thisisinadditiontothe
transferofenergyfrombigeddiesto smalleddies;bothofthese
transfersareexpressibleintermsof thenonlineartermsoftheequa-
tionsofmotionandthesecanbe expressedintermsof thetriple-order
correlations.Axisynmetricturbulenceistheonlycaseofhomogeneous
turbulencethathasbeentheoreticallystudiedandeventhishasbeen
largelylimitedto generaltensorformsforthecorrelationsandequa-
tionsgoverningthesecorrelations.Thephysicsandsolutionofthe
problemremainvirtuallyuntouched.h thegeneralcaseofhomogeneous
turbulencethepressure-velocitycorrelationisundoubtedlyof interest.
Beforesomespecialcorrelationsaretakenup,correlationsinvolving
staticpressureingeneralwillbe consideredanditwillbe shownthat
thesecorrelationscanbe expressedintermsof correlationsinvolving
morethantwovelocitycomponents.Thisisconvenientfromthetheor-
eticalpointofview,sinceitmaythenbepossibletoexpresshigher-
ordercorrelationsintermsof second-ordercorrelationsonthebasisof
someplausiblehypotheses,uchasthoseusedby otherinvestigators.It
maybe alsonotedthatHeisenberg’sexpressionforthespectraltransfer
term(ref.2) isa hypothesisforthetriplecorrelationi termsofthe
second-ordercorrelations.Thefactthatcorrelationsinvolvingstatic
pressurecanbe expressedintermsof correlationsinvolvingmorethan
twocomponentsofveloci~isalsoconvenientfromanexperimentalpoint
ofview,sinceatpresenthereexistsno techniqueforthemeasurement
of staticpressurefluctuations.Ontheotherhand,thestandardhot-
wiretechniquecanbe extendedto correlationsinvolvingmorethan
twovelocitycomponents.
Thisworkwassponsoredandfinanciallys~ortedby theNational
AdvisoryCommitteeforAeronautics.Theauthorshouldliketothank
Drs.S.Corrsin,F.H. Clauser,andL.S. G.Kov&zn&yfortheirhe’lpful
suggestions,andto thankthefollowingpeoplefortheirhelpinmeasure-
mentsanddataprocessing:Mr.A. L.Kistler,MissPatriciaClarken,
MissPatriciaO’BrienjandMissIngeborgBusemann.
SYMBOLS
Al,A2 dimensionalconstants
a,b,c,d arbitraryunitvectors
ai,bi directioncosinesof twoarbitrarydirectionsat x
c constant
——..—.—.—. —.- -————-
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4c1
c
c@i
g
e
el,e2
f(r),g(r)
g
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absoluteconstant(eq.(28))
veloci~oflight
directioncosinesoftwo
electric-fieldstrength
outputofhot-wire
arbitrarydirectionsat z
outputofhot-wiresetat x and
—
correlationsu edby VonK&m&n and
magnetic-fieldstrength
J currentinconducting
K universalconstit
M meshspacing
n integer
(P = (1/p)(p- ~)+ (1/2)[Q12-
P’ valueof P at 31
fluidinmotion
~’,respectively
Howarth
2lhl)
—
P staticpressurefluctuations
q’ anyquantimat anotherpoint ~’
t
R scalarcorrelation
%,2,3 correlations
% , Reynoldsnumberofturbulence
r distancebetweentwopointsz and Z’, (E@l/2
.
“
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‘l..on setofrandomvariables
t time
u velocity
u velocity
inx-direction
component
‘i
componentsof
or u, v,
instantsaeous
w
5
fluctuatingveloci~, ul, ~, u3
volume
v velocityindirectionperpendiculartohot-wire
VI root-mean-squarevelocityiny-direction
w
xi coordinatesofpoint x
xl
=x+E
—s
vsriable
32
axiaxi
ofintegration
ICroneckerdelta
ener~dissipationperunitmassoffluid, (1/2)(d~~dt)
Nerian microscale,
L a
Iagrangianmicrostale
permeabili~
kinematicviscosi~
componentofdispbcementvector
.
.—.— —— —, —— — —- —
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P density
P charge
a conductivi~
T time difference
#(s~,s~,s3jS4) jointprobabilitydensityof S1 . . . Sk
~(tl,t2,t3,t4)characteristicfunctionof ~; tl, t2, t3, and t4
areindependentvariables
(J vector
(-) statisticalqverageormean
Subscripts:
e excess
i,j,k freeindicescharacterizinggeneral.vectorcomponent;eachcan
takevalueof1,2,or 3 correspondingto componentinx-,
y-,andz-directions,respectively
Z,m,n directions(seefig.1)
P)%rjs freeindices
P referstopressure
— —
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GENERALRELATIONS
.
Considera statisticallyhomogeneousandincompressibleturbulence
withnomeanveloci~(i.e.,a %ox turbulence”).Theequationsof
motionforanarbitrarypointz areformomentum
(1)
andforcontinuity
al+xl = o (la)
wherethesymbolshavetheusualmeaningandrepeatedindexmeanssum-
mationovertheindex.Takingthedivergenceofequation(1)andmaking
useofequation(la),thefo~owingwell~known
1 a2p $qu3
.— =-
Ox~ax~ +ax~
—
retitionresults:
(2)
Thefactthatthepressureinan incompressibleviscousfluidsatisfies
Poisson’sequationsmeansthatitisnota primaryvariable,sincethe
pressurecanbe expressedintermsoftheveloci~derivativesby using
thewell-lnmwnsolutionforPoisson’sequation.5
Wltiplyingequation(2)by q‘,anyquantityatanotherpoint ~’,
ad takinga statisticalverage,
3ThesolutionoftheequationAnfl= r(~) where A = $/axl&i
isdiscussedinreference8. Inthefollowingdiscussionthesolutions
for n = 1 (Poisson’sequation)and n = 2, inthreedimensions,are
needed.Here @ and I’ =e arbitraryfunctionsof x and n isan
integer.
.. —-—---—.— —..——— .——— —.. — —
————
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-we ofthefactthat
andinterchangingtheorder
1
—.
theturbulenceisstatisticallyhomogeneous
ofdifferentiationandaveraging,
Pwiai aia~j
where p(~)q’(~’)= pq’(~)and x’ = ~+ ~. An overbar
(3)
denotestatis-
ticalaverage.Equation(3)isjustthePoissonequationfor pq’ and
itssolution(ref.8) canbewrittenininediatelyas
/
a2uiujq’(z) dV(~)
:~(~) .* (4)
b~ &j 1~- &l
where dV(~) isa volumeelement.Equation(3)inoneformoranother
isthebasisoftherecentinvestigationsreportedinreferences3 to 6
whichhavebeenmentionedearlier.Nextparticularcasesofequation(3) ,
areconsidered.
Case(l): q’= uk’
when q’= u~’,
J
32~ujukt dV(~)
;P~’=& (5)
&i&j II-51
Thequanti~ puk’ is.zeroinisotropicturbulenceb causeit isa first-
orderisotropictensor,butitisdifferent.fromzerointhegeneralcase
ofhomogeneousturbulence.Itsroleintheaxisymetricturbulenceis
discussedinreference7. b axisymnetiicturbulencepuk’ givesthe
transferofenergyfromonecomponentofveloci~to another.As in
isotropicturbulencethereistransferofenergyfromthelargeeddiesto
smalleddieswhichisgivendirectlyby Uiujuk’.Thistransferandthe
transferofenergyfromonecomponenttoanothercanbothbe expressed
intermsof Uiujuk’.
.
.— .—
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Case(2): q’=: a2pJ = a2uk’uZ’
~ &i’aXi’ -axk’axz’
Substituting
changingtheorder
a2p, = a2ukh2I!I’=A
~aq’axi’ &k’&l’
intoequation(3),inter-
ofdifferentiation,a daveraging,
1
Makinguseofthefactthattheelementarysolutionofthebi-Iaplacian
inthreedimensionsis r/2 where r =
~i is~edisticebetieen
thepointofobservationa dthepointof integration(ref.8),
case(3):q’ ‘uk’u~’
When q’= uk’u~’,
(7)
(8)
Case(4):CorrelationsfivolvingPressureinan
Incompressible,HighlyConductingFluid
‘ Thecorrelationsinvolvingpressureinan incompressible,highly
conductingfluidhavebeeninvestigatedinreference6. ThecurrentJ
ina conductingfluidinmotionisgivenby
J=u(cg+llux g)+ (P&/c)
. . . . . .—_—_— _ .= ——— —— ————-
10
where u istheconductivim,
isveloci~vector,
ability,c isthe
ThequantitypeT_J/c
maybe assumedthat
H isthe
—
~ istheelectric-field
msgaetic-fieldstiength,
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strength,u
w istheperme-
velocityof light,and pe istheexcess@ge.
representstheconvectioncurrent.As U+w it
otherwisethecurrentwillbecomelarge.Theenergyintheelectric
fieldisoftheorder lu12/c2oftheenergyinthemagneticfield,
thereforeitcanbe negeficted.Inthisapproximationlytheinter-
actionbetweenthetwofields1! and ~ needstobe considered,and
theequationsofmotionare(ref.6)
where h =
—
andmaking
()&Hkl’cp–
useof
.
and A=~wa.4 Takingthedivergence
theconditionof incompressibility(1-a),
% a2(%uj- Qj )
axiaxi=- ax~&j
of
(lo)
equation(9)
(11)
where
p=;(P -F)+ ;(IP12- m
Chandraselbar( ef.6)hasconsideredthreecorrelationsPuk‘uZ’,Phk‘hz‘
and FT. Itcanbe seenfromequations(7)and(8)thatthesecorrelations.
canbe expressedintermsof
‘i”juk*UZ‘Y hihj~’hz‘, ‘d ‘i”jhk‘hz‘“
.4
————.—— -——-— .—— —-
.— —
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ThequantitiesPuk’uZ’and puk’uz’
satisfysimilardifferentialequations
&we similartensorformsandthey
(equations(n) and(2)).Also
~’ and pp’ satisfysimilardifferentialequations,sothatit isnot
necessaryto calculateseparatelyalltheseexpressions.Whenthe
expressionsfor ~ and puk’u~’havebeencalculatedthecorre-
spondingexpressionsforothercorrelationscanbewritt,enat once.
Furthermore,~ and puk’u~’arenotindependent.Xf q’=p’ in
equation(3)
~ ?PP’ . hiujP’
P ui a~i ‘a~i a~J
Inallthesecases(exceptcase(1))thecorrelationsinvolving
pressurecanbe expressedintermsof correlationsbetweentwovelocity
components(ortwo~gnetic-fieldcomponents)at onepointandsimilar
quantitiesatanotherpoint.Someinvestigatorshaveassumedthatthe
jointprobabilitydensi~ofthesefourquantitiesisGaussian(refs.4
and9). IX s~, S2,
be shownthat
‘1s2%s4
andinparticular
‘i’yk’”z’ =
hihjhk’hl’=
‘i”j%’h21=
~,and S4 are&y suchvsriablesthen-itcan
—— ——
= sl~ s2s4+ sls4s2s3+
— — — .
ui~’ uju2
‘+ ui”2’‘j’%’
—— ——
hihk‘hjh2’+hih2’hh ‘Jk
—— —.
‘i%’ ‘jh2‘+ ‘ih2’‘j%’
——
%s2 S3S4 (12)
+ ‘i”j‘%’”2’ (i3)
+ ~hj hk’h2’ (14)
+ m %’h2’ (15)
(Theopportunityhasbeentakento correctheexpressioncorrespondingto
equation(15)inreference6wherethelastterm ~uj hk’h2’= ui2hk2bijbkz
)(nosmmation)1smissing.
. - . .-.-— .— ——..—— .— .
——
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Thehypothesisof Gaussianjointprobabilitydensi~makesallodd
moments(e.g.,triplecorrelations)zero.However,theaboverelations
areonlyinte~alconditionsonthejointprobabilitydensityandthe
hypothesisofGaussiamprobabili~densityisstrictlynotnecessary
fortheirvalidity.Withoutmakinganysuchhypothesisabouttheprob-
abilitydensity,equation(12)istakenasa plausiblehypothesis.
Thejointprobabilitydensity
formofthecharacteristicfunction
#(s@2,sy@ istheFouriertrans-
w(tl,ta,ty,tl+)
. :x%%%)
where ~ isGaussianand ~ isa functionof inde>ndentvariablestl -
to t4. Themomentsof ~ ordersaredeterminedfromthebehaviorof
thecharacteristicfunctioneartheorigin.
-dras~ (ref.6),if
l@@Z!J@l+) = z+W2%%)(,
istakenasthecharacteristicfunction,then
Ashasbeenpointedoutby
+ %w%tq~)
thereisthesamerelation
betweensecond-andfourth-ordermomentasfora Gaussianprobability
densi~,butthethird-ordermomentwillnot,ingeneral,be zero. In
viewofthisit canbe assertedthatthehypothesisofequation(12)
doesnotimposeanyrestriction thetriplecorrelations.
Cases(2)and(3)willbe investigatedindetail
caseof isotropicturbulenceandtheresultscompared
observations.
FOURTH-ORDERVELWITYCORRELATIONSINISOTROPIC
Thefourth-ordercorrelationu ui j’%’”z‘ ‘ntirs
forthesimple
withexperimental
TuRBWIZ’K!E
prominentlyinthe
expressionsforthecorrelationsinvolvhgstaticpressurefluctuations.
Itisa fourth-orderisotropictensoranditsformcanbe derivedusing
somesimpleresultsoftheinvarianttheory(seeappendix).Thus:
— .——
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L%bc(?~ujuk’uz’isnotsolenoidal,thecontinui~equationgivesno
relationbetweenthefivescalarsdefiningUiujuk’uz’.However,it
representative
givesrelationsbetweenderivativesof uiuj~’uz‘ andotherfourth-
ordercorrelationsinvolvingderivativesofveloci~. some
correlationsare.showninfigure1.
Undertheassumptionofequation(12),
\ (17)
Theserelationsand
werefirstgivenby
lationsR:(r) and
theexpressionfor
‘i”j’%u2‘ forthecase k=z=i
Millionshtchikov(ref.9). Thesecond-ordercorre-
R~(r) (essentiallytheVonK6rm&n-Howarthg(r)
._——— ~ — -.——-
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and f(r))areconnectedby thecontinuityequationof incompressible
flow(ref.10).
Withthecorrespondinginverserelation,
(18)
(ma)
Thefourth-ordercorrelationuiujukul’involvingthreevelociw
componentsat onepointandoneatanotherisnotdirectlyrelatedto
thepressurecorrelationsthathavebeenconsidered.Itentersexplicitly
intheequationforthepropagationftriple-ordercorrelationwhichwill
be consideredlater.Forisotropicturbulence,the,correctionuiu.~ukuz’
@s thefollowingform(seetheappendix):
Thevariouscorrelationsareshowninfigure1. Here ufujukuz’isa
solenoidaltensorandthefourcorrectionscharacterizingitarenot
independent.Takingthedivergenceof
‘i”j’’kuz‘ withrespecto the
lastindexandequatingitto zero,
(20)
NACATN3u6 15
Becauseofthesetworelationsthereareonlytwoindependentcorrelations
characterizingthetensor~ujukull.Itisobservedh passingthat
ui~ukuz‘ isa solenoidalsecond-ordertensor.5s givesa relation
betweenthefourfunctionscharacterizinguiujuku~’,which,huwever,is
notindependentofthosewrittena%oveandservesas a checkonthealge-
braicerrors.Tfthehypothesisof equation(12)issatisfied,
sTIXCIc-PREssuRE
(21)
andth6bi-Iaplacianequation(6)
Afterfourrepeatedintegrations,
toequation(7),
simpMfiesto
a4~ujuk’u2’
(22)
= a~ia~ja~ka~z
foranyfixedvalueof t, corresponding
)1
l— Jlm 3 h~ujuk’u~’pm’=~ r Y(y -r) *i *j *I. ?Y.‘y (23)
Itwasassumedthat pp’+ O fastenoughas
equation(16)inequation(23)andcarryingout
cationsandintegrationsby parts,
r-w. Substituting
somealgebraicsimplifi-
..— -—z— ..—-
— .—
—... ———. .—— —
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.
(24)
Themressuremadientisofspecialinterestsinceitisrelatedto
thediftiion
nextsection,
ofm&ked fluidparticlesfroma fixedsource(seethe
“PressureGradientandDiffusionMeasurements”).Now,
where
hterchangingtheorder
xl‘=xl+r
of integrationa daveraging,
Substitutingfor pp’ fromequation(24),
Inorderforthe
seriesexpansion
abovetitegralsto convergeit
( ~+Rof R
22
22- 2R~ - 4R~:)
is
at
(25)
necessarythatthe
theoriginbeginwith
termsoforderrk;therefore
d2 ~
( + R;;~ ‘m -2RZZ -4R~~) =0. User-o
.
hasbeenmadeofthisfactinderivingexpression(25).Undertheassump-
tionofequation(12),equations(24)and(25)become .
.
. .———.
NACATN3u6 17
.
(24a)
and
(25a)
ForvanishingturbulenceR ynol&number,RX~ O where
,A .
R;(r) canbe calculatedneglectingtheinertiaterms
ofmotion(ref.n),
!l%ecorrelation
oftheequations
– (-r2/2.2).:(r)=U12exp
Substitutingthisresultinequations(24a)and(25a),
~(r) = p2~]2 exp(-r2/A2)= R~2(r] (26)
and
2
()
(–)b 2. 2P2’12
q ~2 (27)
C@thebasisofKolmogoroff’shypothesisof
Reynoldsnumbersandvaluesof r withthe
localisotropy,forlarge
“inertialsubrange”(ref.12)
—. .-—.-—. —--—
.-— --
.— .-—
—
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[
(u-u’ )2=27-
where u istheveloci~along
1R;(r) = C~(ve)l/2r 2/3()I (28)
thedisplacementvector,& = ~’ - >
r2 1 %.1-li=E.E4Y ~“x~ istheener~ dissipationperunitmassofthelL c Ub
fluid,thelengthL =
quantitiese and X
L
areconnectedby Taylor’sdecayequation(ref.1):
Henceforvaluesof r
/
T ~2
-l~vu~
inertialsubrange
2pc
Theinteg- inequation(29)canbe evaluatedapprox~telyby using
equation(28).Aftersometransformationtheresultis
or
;(P- P’)2= “(U-U’)2 (30)
ThisrelationwasfirstgivenbyObukhov(ref.3) andequations(24a)
and(25a)weregivenby Batchelor(ref.4).
PRESSUREGRADIENTANDDIFFUSION~
h reference(13)the“Iagrangian”microscal.e
~ ~srelatidto
theaccelerationi isotropicturbulencewithoutheneglectofviscosity.
A briefr&um6 folduws: .
—
NACA~ 3u6
,
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(31)
where v‘ istheroot-mean-squareveloci~inthey-direction.Squaring
andaveragingthev-componentequationofmotion,
(32)
Theterm()?P—Av = O becauseof isotropy.u te~ h the~ionb
ofequation(32)canbeexpressedintermsofthederivativesof R:(r)
by makinguse
Thus (Av)2=
oftherelationsgivenby
[1a4R~(r)of andhisresultis&4 r=o
VonK&&n andHowarth(ref~10).
(ref.14)hasmademeasurements
(33)
d(v’)2Fortheisotropicturbulence— = -l@ (v’)2
— (the“decayequation”dt J,
formulatedbyTaylorinref.1). Thus
(34)
./
—.— —_— _ . . . _ __
20 I?ACAm 3u6
,.
Substitutingequations(32),(33),and(34)tiequation(31),4
(35)
Heisenberg(ref.2)hascalculatedan expressionforpressuregradient
usingthehypothesisthatvariousFouriercomponentsoftheveloci~
fieldarestatisticallyindependent.As faras thefourth-ordercorre-
lationsareconcernedtheconsequencesofthishypothesiscanbe shown
tobe equivalenttoequation(I-2)(seeref.4). Hisresultis
3K
78.5 (36)
bsteadofHeisenberg’soriginalextrapolationformulaforthestationary
veloci~spectrum,Chandrasekhar’ssolution(ref.16)wasusedto calcu-
lateequation(36).Here K isa “universal”constantwhichhastobe
determinedfromexperimentaldata. Heisenbergfoundfromturbulence
decaythat K = O.@. Lee(ref.17)givesitsvalueas 0.13basedon
4Thisisthefirststeptuwardtheestablishmentofa possiblerela-
tionbetweenIagrangianandNerian correlations.~ nondecayingiso-
tropicturbulenceisconsideredthentheLagrangiancorrelation
()%2T2nndlul(t)ul(t+ T) = R1(T)= ul2+(-1) — —dtn (2n)!
Eachtermofthisseriescanbe expressedintermsof theEuleriancorre-
lationsby usingequationsofmotion.Thefirstnonconstantterminvolves
pressureorfourth-orderveloci~correlations.Thenexttermwillinvolve
stillhigherordercorrelations.Itmaybepossibletorelatehigherorder
correlationswithsecond-ordercorrelationsbymakinga furtherhypothesis
aboutthejointprobabilitydensityofthevelocitiesat twopoints.The
firststepofthiscomputationhasjustbeencarriedout. Thenextstep
willinvolvemanymorecalculations.Thisisprobablynotthebestmethod
ofattackoftheproblemofrelatingtheLagrangian dtheEuleriancorre-
lations.ltrenkielhasrelatedLagrangianandEulerianmicroscalesunder
someassumptions(ref.15).
.
—.—.
—.
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J )al-qskewnessoftheprohabili~densityof —ax. asmeasuredby Townsend\ Al(ref.14).Proudman(ref.18)hascalculateddoubleandtriplecorre-
lationsfromChandrasekhar’ssolutionofHeisenberg’sself-preserving
spectrum.He hasestimateditsvalueas 0.45fromcomparisonoftheo-
reticalcorrelationswithmeasuredcorrelation.Heisenberg’sresults
areonlyapproximateandthevalueof K dependsontherangeof spec-
trum(orcorrelation)whichismadetofittheexperimentaldata. ‘I!he
valueof K = 0.45 hasbeentakenasa compromisevalue.
PRESSURE-VEIWITYCORRELATIONSpuk’ul’
Equation(8)relatesthecorrelationpuk’u~’withthefourth-order
correlations
Here p~’uZ’ isa second-orderisotropictensor;thereforeithasthe
sameformas,forexample,thetensor~u~’:
Thecorrelations#z(r) E@ ~m(r) me sh~ infi~e 1. substi-
tutingtheexpressionfor u~uJuk’uZ‘ (eq.(16))intheright-handside
ofequation(37),
.
.—.. --
__.—— .- -—— —-.
—.— —-—
[1
z
(39)
where T1 and W2 arefunctionsof r whicharedefinedby theabove
equation.s-tibstitutingequations(38)w (39)h eq~tion(37)y
Equatingcoefficientsoftheaboveequation,
Afterintegratingtwice,
and
W3=-*JW(Y5-r%,: (40)
.
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Afterintegratingtwice,
23
,2 .~”(,,+~)(,-+
However,itis
betweenstatic
tions(37)and
moreconvenientto calculatepl+ 3p2,thecorrelation
anddynamicpressure.Itfollowsdirectlyfromequa-
(39)tit
(41)
‘q%’ 3%~ = -(’h+342)A(P1+ 3p2) r &
Afterinte~atingtwice,
p,+ 3p2‘~m(~l+ 3*2)(Y‘:)@
Substitutingfor W1 ineqyation(40)andintegratingby parts,
1(
r
Pi(r)= -R~~+ R: - ~ m~+2R; ;+12R:; -5F?#-
5r3 O
41&&2 W - +JW(R: + R;;- G + 4%) ~ (42)
r
andfromequation(41),
Pl+ 3p2= * puktukl
= -R:;
J(-2R~+3(@)2-2 ‘R~-R~-R~;+R~)~ (43)r
.—. —.— — —— -—- — —.- ————
24 NACAm 3KL6
fromequation(38)andequations(42)tid(43),
(44)
(45)
Usingthehypothesisofequation(I2),eq=tions(43),(w), ~d (45)
become
(43a)
—
lx
.
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Compmingequations(24a)and(43a)
1==
~p
Thisresultisa consequenceofthe
tion(12).
25
it isseenthat
-2pukuk (46)
equationsofmotionandofequa-
As inthecaseofpressure-pressurecorrelation,‘anexplicitrela-
tionforpressure-velocitycorrectionsforthelimitingcaseof small
andlargeReynoldsnumberscanbe derived(seeeq.(26)andtherelated
text).For RA+ 0,
R;(r)= U12exp(-r2/2h2)
Substitutingthisinequation(43a),
—2
()U12
(
“~puk’uk’‘-~ 1
For Rx ~CO, and,on
similarity,forvalues
(29),and(30)andthe
+$)e~(-r21~2) (47)
thebasisofKolmogoroff’shypothesisoflocal
of r withintheinertialsubrange(seeeqs.(28),
relatedtext)
(u-J [=2 -R~(r)+u1 l/z?r2/3()= = C(VE) ~
Substitutingthisresultinequation(43a),
( ) 2/3~puu~kk - puk’uk’= $ c%($)
orusingequation(48)
2
~(p”kuk )F 1-Puk’uk’=1.2U-@)2
(48)
(49)
(50)
. . —___ . .. ______
.——.
- ———— —
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orusingequation(30)
(* puku~- pu~‘u~‘)=~F-=) (51)
Equations(k3a),(Ma),and(k5a)and(49),(50),and(51)werefirst
givenby Limber(ref.5).
TRIIZE—CORREGATIONEQUATIONZN ISOTROPICTURBULENCE
Considertheequationofmotionat thepoint ~ andtime t
alq Aiuj _
T+ &j
Multiplyingthisequationby ~ ‘uZI andtakingthestatisticalverage,
% +- 1 apuk’uz‘
Uk’uz’~+ =-— + v Auiuk’uz’ (52)
% P hi
+Inordertoexpressuk’u~’—
&
intermsof thetriplecorrelation
Uk’uz’ui’,itisnecessarytoproceedasfollows:Considertheequations
ofmotionat x’ and t:
auk’
allr &z ‘us‘ 1 ap’
.-– —+ vA’uZ’
at + as’ p &z,
—
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Multiplythefirstequationby UZ‘ andthesecondequationby Uk’
andaddthetwoequations:
au@lz’ auk’uz‘us‘=
(
b’
-;uz’— $’at + a%I axk’ )
+Uk’—&z,+
(v u7’A’~’ +%’ A’ul’)
Multiplyingthelastequationby Ui andtakingthestatisticalverage,
auk’uz’ ~lu!utk Z S%=
( )
ap’ ,?P’
%’~+ axs’ -;uiu2’— %’ ‘Uk axz’+
(V Uz’A’Uk’+uk’ A’uZ’)’% (53)
It is notpossibletoexpressU7’A’~lUi fi tjem of UzI~’Ui or to
express h’ intermsof uz’p’~%’ q% withoutintroducingew
.
correlations. %!l?heatt@@ to expressuk’u~’—
at
hasresultedinintrcxlucingtwonewcorrelations,
noidalthird-orderisotropictensorcharacterized
Addingequations(52)and(53)givestheequation
in ti~ of uk’u~’~
eachofwhichissole-
by a singlescalar.
forthepropagation
axsI
1( h’ , a?’)~“z’ &k, ‘Uk &l, ‘i + ‘Aui%’uz’ +
1 hpuk’uz’
.—
p aq -
y’i’ ‘“%’+‘-Y%’)ui
(%)
——_—_- .._ . ___
———..
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.
Millionshtchikovhasderivedanequationrelatingthird-andfourth-
ordercorrections(ref.9). Hisresultis
&z ‘
Thefirsttermiswrong;itshouldbe replacedby ~’ul’=.
Millionshtchikovusedthisequationtogetherwiththehypothesisof
equation(12)toderivean expressionforthesecond-ordercorrelation
whichisvalidwhentheinertiatermsaresmall.Af3a,f~stapproxi-
mationhe calculatedthedoublecorrelationfromtheKarman-Howarth
eqyationby neglectingthetriplecorrelation,whichisvalidas
Rx+ O. As a secondapproximationheusedhisequationforthetriple
correlationa dthehypothesisofequation(I2)toexpressthetriple
correlationi termsofdotilecorrelation.Inhiscalculationhe neg- .
lectedthecorrelationpuk‘ul’;however,thisomissioncanbe rectified
sincepuk’ul’canbe expressedintermsof thesecond-ordercorrelation
by usingequationsofmotionandthehypothesisofequation(12).The
errorinhisequationforthetriplecorrelationismoreserious.When
thisiscorrecteda rathercomplicatedquationforthetriplecorre-
ctionresults(eq.(’53)above).
Thepurposeinderivingan equationforthetriplecorrectionwas
toexpressthetriplecorrelationi termsof correlationswhichcanbe
expressedintermsofdoublecorrelationby useofa plausiblehypothesis.
Tfthiswerepossibletherewouldbe (withtheK&m&n-Howarthequation)
twoequationsfortwounlmowns,thatis,thetwoscalarfunctionschar-
acterizingdoubleandtriplecorrelationtensors.Thishasbeenonly
partlysuccessful,however,sinceufu~uk’u~’,~UjUk’Uz’, and pUk’Uzr
canonlybe expressedintermsofdoublecorrelationsby usingthe
hypothesisofequation(12)andtheequationofmotion.Thetworemaining
correlationsappearingintheequationforthethird-ordercorrelation
cannotbe expressedintermsoflamwncorrelationswithoutmakingfurther
assumptions.Someofthesedifficultiescanbe overcomeifcorrelations
canbe consideredthatinvolvequantitiesat threedifferentpointsand
latermaketwoofthepointscoincide.
Previouslyitwasbelievedthathigher-ordercorrelationequations
couldnotbe investigatedbecauseofpressure-velocitycorrelations
enteringintheseequations.Mostofthepressure-velocitycorrelations
.- ——.—.—z ...——— — —....— ..—
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canbe expressedintermsof correlationsihvolvingveloci~components
attwopoints,andothers,intermsofvelocitycorrelationsatmore
than twopoints.Consider,forexample,tiecorrelationpll~llj’ which
isrelatedto ?P
q ‘i”s‘“ Thelatterquanti~entersin
correlationequation.Now, = 1~ pui’’Uj’ and
‘Uiuil’X’t+x
equation(3)that
thetriple-
it isseenfrom
a2uk(x)u2(~)ui(&’)Uj(>’)a2p(~)ui(~”)Uj(>’)
—
&i &i = ‘p &k axz
sothatby usingthreepointcorrelations,it ispossibletoexpressall
thepressure-velocitycorrelationsenteringinthetriple-conflation
equationintermsofvelocitycorrelation.Itmayhepossibletorelate
U&ui ‘Uj“ withdoublecorrelations
~u~ f, ui’uj”,U&j”, andSO
forth,using,forinstance,thehypothesisofequation(I-2).
Itisof interesto investigatewhatlimitationsanderrors,if
any,areintroducedinthedynamicsofturbulenceby theuseofthe
hypothesisofequation(12).i%thefourth-ordercorrelationscouldbe
simplyrelatedto thetriplecorrelationsitwouldbepossibleto inves-
tigatetheoreticallysomeoftheconsequencesof
ti~n(12).
MEASUREMENTOFSECOND-ANDFOURTH-QRDER
thehypothesisof equa-
CORRELATIONS
EquipmentandTechnique
Themeasurementsofthesecond-andthefourth-ordercorrelations
weremadeina 2-by 2-footwindtunnelat48meshlengthsdownstream
froma l-fich-squaremeshgridmadefroml/4-inchcircularods. The
electronicequipmentusedisdescribedinreference19. Thenewequip-
mentusedhereisan electronicsquaringcircuitwhichhasbeendeveloped
byKov&zn~ (ref.20). Thecircuitsconsistofpairsofrectifierswith
seriesresistorsactingasa full-waverectifier.AIipairsareinpar-
allel;however,eachpairisbiasedmorethanthepreceding,so thatas
theinputvoltageincreasesmoreandmoreofthesepairsofrectifiers
conduct.Thebiasvoltageandtheseriesresistorsarechosensothat
thetotalrectifiedcurrentofalltheconductingpairsisproportional
.—. - –—-.— — — -— ———. —— — .-— — . . ...— —.-.—————
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to thesqwe oftheinstantaneousvoltage.Thesqusringcircuitresponds
instantaneouslywithinthelimitationsofthecapacityeffectsinthe
diodes.Calibrationwitha harmonicsi@al showedthatitsresponseis
goodup to 70kilocycles.
Theschematicdiagrsmoftheequipmentusedinmeasuringthecorre-
lationsisshowninfigure2. Thepreamplifierhot-wiresignalisfed
toa push-ptipoweramplifierwhichdrivesthesquaringcircuit.The
outputofthesquaringcircuitispassedthrougha microarometeranda
thermocouple.Becauseoftheinertiaofthemovingcoiloftheammeter
it issensitiveonlytotheaveragecurrentormeansquareoftheinput
voltage.Theoutputofthermocouple,dueto kg, isproportionaltothe
averagesquareofthecurrent@ henceitisproportionaltotheaverage
fourth-poweroftheinputvoltage.Thisarrangementmeasuresimulta-
neouslytheaveragesquareandaveragefourthpoweroftheinputvoltage
andthisenablesonetomeasuresimultaneouslythefourth-orderandthe
correspondingsecond-ordercorrelations.
Thesquaringcircuithashardlyanymeasurableerror.’However,the
thermocouple,becauseofradiationandotherlosses,isnota perfect
squaringdevice,Q theerrordependsontheprobabili@densityofthe
signal.Thecompletefourti-powercircuit(thesquaringcircuitandthe
thermocouple)wascalibratedwitha “noise”generatorwhichgivesa
signalhavingGaussianprobabili~densi~ (seefig.3). h viewofthe
factthatinmostoftheturbulencem asurementsapproximatelyGaussian
signalsaredealtwith,theabovecalibrationwasusedto correctallthe
measuredata. Theerrorinthecorrectedresultsisexpectedtobe
within15 percent.If el istheoutputofthehot-wiresetat ~
and e2 istheoutputofthehot-wireset
thetwowiresaresetperpendiculartothe
el= alu
e2= a2u’
at x’ andfurthermoreif
—
meanflow,then
where u isthefluctuatingveloci~at ~ inthedirectionofthemean
flowand U’ isthecorrespondingquanti~at ~’;then
el+ e2)(2.el-~22
r.—4 e12e22
‘le2
r——e12 ep 2
UU I
—.. — ..— -.
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(el+ e2)4+ (el- e2)4- 2~ -2e24 e12e22 U2 (U1)2
r
12 e14~ ‘~-”/-
31
and
— .
(q + e2)4- (q - e2)4 e13e2+ e1e23 U(UJ)3
= x
—.
if U(U’)3=U%’ sothatinordertomeasurethefourth-ordercorre-
lationsU2(U’)2and U3U’ andthesecond-ordercorrelationUU’ it
isonlynecessmytomeasuretheaveragesquareandaveragefourthpower
of (a)theoutputsoftwohot-wires,(b)theirsums,and(c)their
difference.
ThecorrelationsR~~(r)and R~ZZ(r)weremeasured
onehot-wirewithrespecto theotherinthedirectionof
ThecorrelationsR=(r) and R&(r)
onehot-wirewithrespectotheotherina
themeanflow.
weremeasured
bymoving
themeanflow.
bymoving
directionperpendicularto
ml
Thecombination(
22 m nl
’22+ ‘nn+ ’22 + 4RnZ) wasmeasuredby moving
onehot-wirewithrespectotheotheralonga linemakinganangleof
45°W%Yhthemeanmotion(seefig.8).
(
Rzz
)Thecombination 22+ R: + 2R; - 4R~~ wasmeasured@ us~g
twowiresperpendicularto eachotherandeachinclined45°tothemean
flow.Whenonewireisontopoftheothertheconibinationofwiresis
essentiallyanx-typehot-wirewhichissensitiveofv-componentof the
fluctuatingveloci~.
ThecorrelationR: wasmeasuredby usingonex-typehot-wire
sensitiveto v anda singlewiresensitiveto u andmovingapart
twoprobesinthedirectionof v.
the
. . -..—___ ~-. .—.— -c ~— . ..... — ———
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Thecorrelation~ wasmeasuredby usinganx-typehot-wiresensi-
tiveto w anda singlewiresensitiveto u andmovingthetwoprobes
apartinthedirectionof v.
Thelengthofthehot-wirewasquitesmall(theratioofthemicro-
scaleh tothelengthbeingabout10),sothatno appreciablength
correctionwasnecessary.
Results
Themeasurementofvariouscorrectionswasmadeinisotropictur-
bulenceat Rx = 60.
wed (seefig.4) and
whicharisesfromthe
ThecorrelationsR;(r) and R:(r)weremeas-
theysatisfyreasonablywelltherelation
r~R:(r)-R:(r)=-Z XR~(r)
continui~equationof theincompressiblef owand
theconditionof isotropy(ref.-lO). ‘Ihiservedas a checkontheiso-
tropyoftheturbulence.
ThecorrelationsR~~(r), R~(r),and R~(r) andtwoindependent
(
R2Z m
combinations 2’+ 4%;) ‘d (R::+c+ =: - %)22+Rnn+%n
weremeasured.Themeasuremqtsarecomparedwiththehypothesisof
equation(12)infigures5 to9. Forlargedisplacementofthepoints
——
thecorrelationbetween%2 and (uj’)2disappearsand ui2(u3’)2
-z
tendsto a constantvalue ()%2 (UJ’)2= ul~ for
Iftheprobabilitydensityof U1 isassumedtobe
—2
~ = 3(U1*) andthereforeforlargedisplacement
i
isotropicturbulence.
Gaussianthen
ofthepoints
u:(u/)*/@ tendstoa constantvalueof 1/3. Thisisindicatedby
a dashedlineinfigures(5),(6),and(8).Whilethefourth-order
correlationwasmeasuredthecorrespondingsecond-ordercorrelationwas
alsomeasuredsimultaneously.ThecorrelationR; (fig.10)wasalso
measured;thisisnotindependentoftheabovefivecorrelations.Since
thehypothesisof equation(12)givesita constantvalueitisof interest
to seeifthemeasuredvaluedeviatesfromthisconstant.Withinthe
experimentalccuracy,allthefourth-ordercorrelationsarecloseto
thosecomputedfromcorrespondingsecond-ordercorrelationsu ingequa-
tion(12).
.— .——.. .— —
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ThecorrelationsR~lZ(r) and R&(r) characterizing
33
thequad-
ruplecorrelationuiujukuz’weremeasured.Thesearecomparedwith
thosecomputedfromcorrespondingsecond-ordercorrelationsu ingequa-
tion(12)infiguresI.land12. Thehypothesisofequation(12)is
satisfiedfor R~7~ and Rn withinexperimentalscatter.
-.,..,.
CAIINMTIONOFROOT-MEAN-SQUAREP SSUREAND
FROMVELOCITYCORl%IATIONSANDDIFFUSION
PRESSUREGRADlmn!
mAsURmmm?s
Let Rlj R2Y~d- R3 denotethecorrelationsR~~ and R: and
thecofiination( )*R~~+R~+ 2R#+4~~ , respectively.Thissetof
correlations,amongotherpossiblesets,sufficestodeterminethepres-
surecorrelation.b termsofthealovenotationequation(24)becomes
4r2 1-#l+%2-R3)*
where R2 wasmeasuredforbothpositiveandnegativevaluesof r
(seefig.6)andthepoint r = O wasdeterminedfromthefactthatit
isanevenfunctionof r. ThecorrelationsRI and R3 weremeasured
forpositivevaluesof r andthereissomeuncertainty(O.027inch)in
thedeterminationfthepoint r = O forthesetwocorrelations.This
uncertainty,theexperimentalscatter,andthefactthatsmalldiffer-
encesbetweenrelativelylargequantitiesarerequiredto computethe
pressurecorrelationhavemadetheresultsveryuncertain.
Twowidelydifferentsetsof curvesweredrawnforeachmeasured
correlation,takingintoaccountheexperimentalscatterandtheuncer-
taintyinthedeterminationfthepoint r = O. Twopressurecorre-
ctionswerecomputedfromthesetwoclifferentsetsoffourth-order
correlations.‘lTher sultofthesecomputationsandthosefromthe
second-ordercorrelationarecomparedintableI andfigure(13).
-.. —-—.-, —.—. ____ ____ ._ ___
——-——. ——
Itappearsthatforthecomputation
shouldmeasuredirectlythedifferences
fpressure
(3% + RI -
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correlationone
4R3) and
(R,+ Rn - 2Rx\ insteadoftheindividualcorrelatiom~Thisinvolves
J- L
~e difficult’~roblemof easuringsma~ correlationbetweenrelatively
largequantities.b viewofthefactthatthehypothesisofequa-
tion(12) isapproximatelysatisfied,thedoublecorrelationcanbe used
to computeroot-mean-squarep ssureandpressuregradient.However,
oneunfortunatecticumstancemustnotbe overlooked.Itispossiblethat
thehypothesisofequation(M?)isapproximatelysatisfiedbuttheroot-
mean-squsrepressureandthepressuregradientcomputedfromusingthis
hypothesisarestillinerrorbecausetheroot-mean-squarep ssureand
pressuregradientdependonthedifferencesofvariousfourth-order
correlations.
Equations(2ka)and(25a)expressthedesiredquantitiesinterms
ofthelongitudim.alsecond-ordercorrectionR;. ThecorrelationsR;
and R: areconnectedby equations(18)and (18a).Itisnecessaryto
~RZ intermsof f.
‘qress & z Sincen
therefore
Usingthisresult,equations(24a)and(25a)become
—
—-
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Root-mean-squarepressureandpressuregradientwerecomputedfrmumeas-
uredvaluesof R:(r) forvariousReynoldsnumbers.Theresultsofthe
computationareshowninfigures14and15. Thedataforthetwohighest
Reynoldsnunibersweretakenfromreference21. Thedata
aregivenh termsofgridReynoldsnumbers.Turbulence
hers Rx and
gridReynolds
periodwhere
Equation
A/M (whereM- isthemeshspacing)were
numbersby assumingthat U2/~2s t-l in
U isthemeanvelocity.
(35)rektestheLagrangianmicroscale%
inreference21
Reynoldsnum-
estimatedfrom
theinitial
withtheroot-
mean-squsrepressuregradients.Measurementsof ~ h&e beenmadeby
Simmons(reportedinref.1)andCol.lis(ref.22),&d an extensiveset
ofmeasurementsi giveninreference(13).Theexperimentaldata
(tableII)areusedtocomputethepressuregradient(eq.(35))andthe
resultsarecompsredwithHeisenberg’s analysis (eq.(36))infigure15.
CONCLUDINGREMARKS
Itisoftheoreticalinterestandexperimentallyconvenientthat
correlationsinvolvingstaticpressurefluctuationscanbe expressedh
term ofhigherveloci~correlations;thelatterinturncanbe related
to second-ordervelocitycorrelationsby usingsomeplausiblehypothesis.
‘Thefourth-ordercorrelation,whichentersprominentlyinthecorre-
tv and P~uZ’lationspp t maybe relatedtothesecond-ordercorre-
lationby usingthehypothesisofequation(12).Experimentslendsup-
portto thishypothesis.Sincethedifferencesof quadruplecorrections
areinvolvedintheexpressionfor ~, a slightdeviationofthequad-
ruplecorrelationsfromthosecomputedusingdoublecorrelationscanlead
to considerableerrorin ~. Furtherexperimentalimprovementinvolves
thedifficultproblemof themeasurementofsmallcorrelationbetween
relativelylargequantities.
Theexperimentaldeterminationfroot-mean-squarep ssure&dient
fromdiffusionmeasurementsi alsonotveryaccuratebecauseofthe
inherentdoubledifferentiationoftheexpertientalcurvesinvolvedin
thistechnique.Thehypothesisofeqwtion(12)relatestheIagrangian
microscaletoEu.lerianmicrosca~.Itmaybe possibletorelatethe
IagrangiandEuleriancorrelationsforlargervaluesoftheindependent
variablesby useoftheequationsofmotionandhigher-ordercorrections.
Thedynamicequationrelatingquadruplecorrelationsto triplecorre-
lationsisworthfurtherinvestigation,firstly,to seeifonecanpossibly
.——_
—.
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geta closedsystemofequationsforthedynamicofisotropicturbulence
byuseofthehypothesisofequation (U?), and,secondly,to seethe
limitationsanderrorsintroducedby theuseoftheabovehypothesis.In
thisrespectitisnotedthatexperimentslendsupportothehypothesis
Ofequation(1.’)for ~ujuk’uz’)thequadruplecorrelationi volving
twocomponentsat onepointandtwoat another,andalsofor ~ujukuz’)
thequadruplecorrelationi volvingthreecomponentsat onepointand
oneatanother.Ifthiswerestrictlytie thenthequantity
(u,-U,)y[mq’ wouldbe constantandequaltoa numerical
valueof3 (thevalueforGaussianjointdistribution)independentof
position,where U1 and U1’ arevelocitycomponentsat twoseparate
pointsandperpendicularto thedisplacementvector.Thequantity
(u. - Ul,)y[-g’ hasbeenmeasured(fig.16)anditsvalue
deviatesfrom3 forsmalldisplacementofthepointsandinthisregion
it approximatelyequals
(u- @)4/Eu - ui)~’
2
l Thedeviationof
fromthenumericalvalueof3 forsmalldis-
placementofpointsshowsthatthehypothesisofequation(12)isnot
satisfiedforsmalleddies;however,themaximumerrorisonlyabout
20percent.Sincethedifferencesof correlationsareinvolvedinthe
quanti~ (u- u’)X/[u - U,,q’ sma~ deviationsinthevaluesof
Ufujuk’ul’and ~ujuku~’ fromthatcomputedfromthehypothesisof
equation(12)showUTprominentlyinthevaluesfor (U- @,4/~u - U;,q’
while,thesemalldeviationsarehardlynoticeableinthevaluesfor
‘i”j’%’uz’‘d ‘i”j’%%’”
Batchelor(ref.4)hasdiscussedtheCOITehtiOII u~ujuk’u~’ in
connectionwithpressurefluctuations.HehaspresentedStewart’smeas-
urementsof (u- ut)41~U- u1)~2 to showthatthe
densi~Of ~, Uj, uk’ and UZ’ iS@USSiSn.AS
jointprobabili~
farasthepressure
—— .. ——— ————————- ——
—
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fluctuationsareconcernedit isonlynecessarytoassumethat ~ujuk’u~’
satisfiesthehypothesisofequation(12)whichislessrestrictivethan
thehypothesisofGaussianjointprobabilitydensityof ~, Uj, Uk’,
and U ‘.
-1 Evenif (u-u’)‘Ihu -u)~’ isequaltoa numericalvalue
of3 thisdoesnotprovethat ~, Uj, Uk’,and UZ! arejointlyGaussian
ortht uiujuk’u~’satisfiesthehypothesisofequation(12)since
uiujuku~’alsoentersin (u-U’)41LU -’=1)32*
TheJohnsHopkinslJhiversi@,
Balitraore,Ml.,June9, 1952.
—
— .———.
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APPENDIXA
Considerthefourth-ordercorrelationWusul.’u.‘ where u. is
~Jh~
thevelocityat thepoint.~ and uk’ istheveloci~at ~t =Az+ ~.
An outlineoftheprocedure,basedon invarianttheoryandessentially
followingRobertson(ref.23),wilJbe givenforderivingtheformfor
theisotropictensor~ujuk’u~’.Considerthescalarcorrelation
betweenthetwovelocitycomponentsintwoarbitrarydirectionsat x
andtwovelocitycomponentsintwoarbitrarydirectionsat x’. Let–ai
and bi be thedirectioncosinesofthetwoarbitrarydirectionsat &
and Ci and di be thecorrespondingquantitiesat ~’. Thenthescalar
correlationR is
R(qQjg~r) =Uiujuk’uz’aibicidi (Al)
where r = (~i~i)l/2isthedistancebetweentwop,oints~ and X1.
—
ThecorrelationR(~,>~~r)hasthefollowingspecialproperties:
(1)Itisinvariantunderan arbitrarytranslationrrotation,as
a rigidbody,oftheconfigurationdefinedby thepoints~ and ~’ and
theunitvectors~ > ~ and &
(2)Itsvalueisunchangedby thereflectionoftheaboveconfigu-
rationinanypoint.Thesetwosretheconditionsofhomogeneityand
isotropy.
(3)Itis homogeneousquadrilinearinthecomponentsofthefour
vectors~ bd ~ and ~.
Theformof R(a,b,c,d;r)hastobe determinedundertheabove
-—— —
threeconditions.Accordingto theinvarianttheoryofrotationgroups
inthreedimensions(ref.23),anyinvariantflmctionofanynwiberof
vectors&g,q... canbe expressedintermsofthefundamental
invariantofthefollowingtypes:(1)Thescalarpr~uct (~b)
ofanytwovectorsincludingthescalarsquare~igi,E@ (2)–t~e
determinants
[1gab= ~2 % b2—-—
—. ——..
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ofanythreevectors.Intermsofgeometricalnotionstheinvariant
associatedwitha setofvectorswe theirlengths~i~i,theangle
~iai
betweenanytwovectors,andthevolume
~:g oftheparallelepipeds
whoseedgesareanythreegivenvectors.However,thevolumeofthe
parallelepipedschanges‘signonreflection,[-~ Q]=-[~m ‘ence
theseinvariantdonotappearintheexpressionfor R(>~~,~r ).
SinceR(~>~,~r ) isa homogeneousquadril.inearinthecomponentsof
theunitvectors> ~ ~ and ~ itmustbe a linearfunctionofthe
fo~ (~~)(~~)(~~)(~~), thesfi formof type (j$i)(g %)(c d),and
——— —
threeofthetype (ab)(cd),withcoefficientswhichme evenfunctions
——— —
of r. !DN.u3,
R(a,b,~~,r)= Rl(r)~i~j~k~Zaibjckd2+ R2(r)~i~j~zaibjckdZ+
——
R3(r)~k~Z5ijaibj~dz+ R&(r)~Z~j5ikaibjckdZ+
~(r )~i~kaj~aib~ckdl+ R6(r)~j~k~itaibjckd~+
R7(r)~i~z5jk~ibjckdz+ R8(r)~ij~kZaibjckdz+
~ (r)bikbjZaibjckdz+ ‘lO(r)bizbkjaibjckdl (A2)
Equatingequations(Al)and(M) andmakinguseofthefactthatthis
equali~istrueforarbitraryunitvectors~ b~ ~ and ~
-- —-—-— .. ..- —— .——— ——. .——. —_. ——
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(A3)
Thisisthegeneralformofthecorrelationinvolvingfourvelocitycan-
ponents,eithertwoveloci~componentsatonepointandtwoatanother,
orthreeveloci~componentsatonepointandoneatanother.Useis
madeofthefactthatforthecorrelation~ujuk’uz’theindexesi
and j’canbeinterchanged,k and 2 canbe interchanged,and ij
canbe interchangedwith kz. Usingthesesymmetryconditionsitis
foundthat
‘i”j%’u2’=
The fivescalars
) ~R~i~z5j2 (+ ‘8bijbkZ+ ~ 9
ctiacteriztiguiujuk’uz’
offivespecialcorrelsbions.When&is is
obtained.
+ %0) @iz%j -+%k%)
can be expressedinterms
doneequation(16)is
AsmentionedearMer,equation(3)givesthe
fourth-o?xier~o relation,
threevelocitycomponents
form
‘0‘at ‘i”j’&2’~‘e
at onepointandoneat
formforthegeneral
correlationi volving
anotherpoint,hasthe
——— —.——
ix
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Makinguseofthefactthatindexesi, j,and k canbe interchanged,
~iujuku~‘
[ 1
= sl(r)~i~j~k~t+ ~S2(r)+ Ss(r)+ S6(r)(~i~jbkz+
[ 1~i~kbjz + ~j~@f2) + }s3(r) + ‘4(r) + ‘7(r) (gk~z~ij+
[ !1~#j5ik + ~#25jk) + : S8(r~+ ‘9(r)+ ‘lo(r)(bijbkl+
5@j 2+ %2%3)
Thefourscalarsdefininguiuj~u2’canbeexpressedintermsoffour
specialcorrelations.Whenthisisdoneequation(19)isobtatied.
._ —._ ________
—-.— ______ _
——. . . -—
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TABLEI
PRESSURECORRELATIONSCOMPUTEDFROMFOUR!t!H-
ANDSECOND-ORDERCORRELATIONS
@2(qy ($yw2~=~2/@~’2
(1) (2)
Twoextremevalues 3*3 @ 0.28
computedfrom
fourth-order .45 Il. .20
correlation
computedfrom 0.50 E! 0.20
second-order
correlation
lDimensionofvaluesisapproximately(in.)-2
%mension ofvaluesisapproximatelyin.
— —
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